Through a hedonic approach this study primarily focuses on how house prices vary systematically with respect to some general spatial structure characteristics in a Norwegian region. The introduction of a gravity based labor market accessibility measure contributes significantly to explain variation in housing prices, also in a model formulation where the distance from the city center is accounted for. Based on these results we suggest a distinction between an urban attraction effect and a labor market accessibility effect. Quantitatively, the two distinct effects are found to contribute about equally to intraregional variation in housing prices.
Introduction
It is well known in the literature that house prices vary systematically with respect to some general characteristics of the spatial structure in a region. One such characteristic is the location of jobs. The relationship between labour market accessibility and housing prices has for a long time been given a lot of attention in the housing market literature, and it is often a basic part of spatial equilibrium models in regional science and urban economics. The standard theoretical reference for the relationship is the "access-space-trade-off "model of Alonso (1964) .
This model is based on the assumption that all jobs are located in the city center, and labor market accessibility is represented by the distance to this central business district (cbd). Though the modeling framework has been extended in several directions and adapted for regions with multiple centers (see for instance Richardson 1988 ), many theoretical and empirical studies are pivoted on the central idea of the "access-space-trade-off "model, which gives rise to house prices falling with increased distance from the city center.
The analysis in this paper is based on data from the southern parts of Rogaland County in the southwest of Norway. This region represents a relatively self-contained labor market, with a dominating city (Stavanger) that influences the economic situation and labor market decisions in all other parts of the region. Since our analysis is focussing on the interaction between the labor market and the housing market, it is reasonable to consider a regional rather than an urban perspective. Our study area is very appropriate also because topographical barriers deter disturbing interaction with adjacent areas.
Job opportunities are definitely not totally concentrated to the cbd even in this rather monocentric geography. Motivated from this fact we introduce a gravity based labor market accessibility measure, as an attempt to deal explicitly with polycentric tendencies in the spatial structure. Our basic hypothesis is that this measure is a better representation of the trade-off between commuting costs and housing consumption than the distance from the cbd.
It is intuitively reasonable that labour market accessibility and potential commuting distances are important determinants for how readily saleable a house is, and what price that is achieved. It is also obvious that households value high accessibility to other activities than their job. Our data do not allow us to enter into details on non-work activities, but we proceed through the hypothesis that the dominating city center has a particularly high density of rele-vant attractions. We attempt to find how this is reflected in house prices, when labor market accessibility is accounted for by a separate measure. Are both the labor market accessibility measure and the distance to the cbd relevant spatial characteristics in an explanation of housing prices? Do housing prices tend to be negatively related to the distance from the cbd also in such an approach? If so, how does this comply with the standard interpretation that falling housing price gradients from the cbd reflect the trade-off between housing consumption and commuting costs? By addressing such questions our main ambition is to contribute to an improved understanding of systematic spatial variation in housing prices.
In addition it is of course also our ambition to offer quantitative estimates of how general spatial structure characteristics affect housing prices. The market evaluation of accessibility represents important input in urban and regional planning, like for instance the development of decentralized employment centers. Research based on the hedonic framework in general offers useful information on the valuation of goods which are not directly bought and sold in markets.
In Section 2 we review some relevant contributions in the literature. The region and our data are described in Section 3, while the basic modeling setup is presented in Section 4. The results are presented in Section 5 and Section 6 offers some concluding remarks.
Relevant contributions in the literature
The Alonso model has increasingly been criticized by researchers who claim that workplaces are not solely located in the city center and that trips to work encompass a declining share of the overall household traveling. Experience has also proved that it is not straightforward to carry through reliable empirical studies of the relevant relationship. The polycentric nature of many housing market areas represents one kind of complexity, affecting in particular the use of one-dimensional separation measures, like physical distance and travelling time from a distinctly defined center. The presence of multiple-worker households and multiple workplaces motivate the use of alternative separation measures. As stated by Heikkila et al. (1989) "... with multiple-worker households, multiple workplaces are common; given a high degree of residential mobility, sites offering accessibility to many employment nodes are more valuable because it is not very likely that successive owners will work in the same workplace" (page 222). With a spatially very dispersed distribution of employment opportunities it might even prove difficult to find a significantly falling housing price gradient within an area. As opposed to the case for ten other locational nodes in the LA-area, Heikkila et al. (1989) for instance found that the distance to cbd had a very low t-value and unexpected sign. Based on such results Heikkila et al. (1989) claimed that the impact of workplace accessibility has been overemphasized. Richardson et al. (1990) found a significantly negative value of the coefficient related to distance from the LA cbd in 1970, while this variable were not found to influence house prices in 1980. Waddell et al. (1993) emphasized the importance of including the distance to secondary employment centers, and they found both a strong and significant asymmetric cbd-gradient, and strong effects from the non-cbd employment centers. More recently McMillen (2003) has discussed the steady decline in the importance of the cbd in American cities in the 1980's. McMillen (2003) found that data on repeated sales in Chicago suggest that the unit price of housing falls with distance from the cbd.
The utility-maximizing framework underlying the trade-off between housing consumption and commuting costs implies that the individual price-distance function is income-dependent. A general result in this theory is that higher income classes live farther from the cbd, see for instance Yinger (1979) . Yinger (1979) combines this result with the observation that employment is in general not entirely concentrated to the cbd. He defines rings of employment around the cbd, measures the distance to place of employment within each ring, and assumes that households within each ring represents the same income class. Based on data from two US metropolitan areas Yinger (1979) finds that, except for the inner ring, the price-distance function is flatter than expected, and is actually upward sloping in some rings. The modeling challenge is that distance to the city center is not adequate as a measure of spatial separation between job opportunities and residents. Dubin and Sung (1987) find that both cbd and suburban employment and amenity centers exert the expected influence on housing prices. They highlight that it is a complex problem to ascertain the effect of employment location on housing prices, and advocate the use of alternative measures of employment accessibility than one-dimensional measures of distance.
An appealing hypothesis is that model performance improves substantially if a gravity based accessibility measure is introduced to account for the possibility that the relevant kind of spatial pull originates from several destinations. A hedonic approach offers an estimate of the implicit prices for a location with a marginally improved labour market accessibility. Adair et al. (2000) introduce a sophisticated gravity based measure of transport accessibility in a hedonic model explaining house prices in the Belfast urban area. The measure distinguishes between two person types (according to car availability) and three trip purposes (work, non-home based, and others). The authors proceed through a stepwise estimation approach, where mean values of the transport accessibility measure are calculated for 182 traffic zones in the Belfast urban area.
Those values are based on estimates from a separate transport gravity model, incorporating trip generation, distribution, modal split and assignment. Adair et al. (2000) find that transport accessibility has a minimal effect upon house prices in the Belfast urban area. In a logarithmic model specification the accessibility index appears to be significant, but accounts for a very small percent of the variation in housing prices. Specific physical housing attributes and socioeconomic variables appears to be a lot more influential.
Still, Adair et al. (2000) find that transport accessibility has a considerable impact on housing prices within some submarkets. According to their results transport accessibility explains 14% of the variation in prices of terraced houses in areas of the city with relatively low income and low car accessibility. Within such a submarket the implicit price of transport accessibility is estimated to be positive.
In emphasizing the importance of taking the polycentric nature of geographies into account, Heikkila et al. (1989) distinguish between macro-and microlocational effects. Some centers mainly offer complementary services, and affect housing prices in a wide area, while other centres primarily provide local, substitutable, services, and affect housing prices in a small area. The distinction between macro-and microlocational effects implicitly introduces the impact related to the multilevel nature of services demanded by a household. A polycentric spatial structure is not the only reason why many empirical studies conclude that distance from the cbd has little effect on housing prices. Another explanation is the multipurpose nature of household spatial interaction. Residential site decisions and housing demand are not solely determined by distances to job opportunities, households also value access to other activities. Following Li and Brown (1980) these activities can be related to three categories of attributes: aesthetic attributes, pollution sources and service activities. The consequence of ignoring such attributes might result in biased estimates of how labour market accessibility affects housing prices.
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As stated in Chesire and Sheppard (1997) data applied for hedonic studies often lack information on location characteristics. In studies where such characteristics are accounted for, the conclusion frequently is that accessibility to different services and amenities only marginally affects housing prices, see for instance Henneberry (1996) and Adair et al. (2000) . They conclude that potential buyers do not put much weight on characteristics of the road transportation network, implying that investments in road infrastructure only marginally capitalise in property values. According to Laakso (1997) the majority of studies come from cities and urban areas of the USA. Laakso (1997) offers a summary of 18 empirical studies on housing prices, rents and land prices in the literature of urban economics since 1979. All studies use hedonic models.
According to Laakso (1997) The region is delimited by the North Sea in the west, fjords in the north and the east, while the southern delimitation is an administrative county border in a sparsely populated, mountainous area. Hence, the demarcation of the region is mainly determined by natural boundaries. This is advantageous, since it will then be reasonable to ignore effects from observations outside the region (see for instance Upton and Fingleton (1985) ). The region is well suited for our purposes also since it involves areas heavily interrelated through significant commuting flows, appropriate for studies focusing on the relationship between labour and housing markets. The region is also relatively monocentric, in the sense that the city center of Stavanger has a dom-6 inating position concerning the supply of specific urban facilities, represented for instance by leisure and cultural services, and by shopping opportunities. The area has not developed into the characteristic multi-nodal structure observed in many metropolitan areas. As indicated by the figures in the Appendix, however, the spatial distribution of jobs does not correspond to the assumption of concentration underlying the basic version of the "access-space-trade-off "model. 
Data
The housing market data consist of transactions of privately owned single-family houses in the The division of the region into zones corresponds to the most detailed level of information which is officially available on residential and work location of each individual worker within the region. The information is based on the Employer-Employee register, and provided for us by Statistics Norway. Our analysis also requires data on total population in the (postal delivery) zones. We gained access to this information through the Central Population Register in Statistics Norway. Data restrictions represent the main reason why we consider a relatively macroscopical description of the geography. Still, we doubt that the additional insight and explanatory power resulting from a more disaggregated representation of the geography would be reasonably related to the massive effort and resources required on data collection.
The matrices of Euclidean distances and traveling times were prepared for us by the Norwegian Mapping Authority, who have at their disposal all the required information on the road network and the spatial residential pattern.
The calculations were based on the specification of the road network into separate links, with known distances and speed limits, and it is accounted for the fact that actual speed depends 
The modeling framework
In this section we start by presenting the list of structural non-spatial attributes that are incorporated in the alternative model formulations. As a next step the specific functional representation of distance from the cbd is explained, before we suggest alternative measures of labor market accessibility for the empirical analysis.
The basic set-up
In this paper we focus on the impact of the location relative to the cbd and to labor market opportunities rather than on specific non-spatial attributes of a residence. We do not attempt to account for accessibility to recreational facilities and shopping opportunities, and we ignore environmental conditions, location-specific amenities, and aesthetic attributes. This practice is partly explained from the fact that we consider interzonal rather than intrazonal variations in housing prices. If variations in housing prices within a (postal delivery) zone were considered, it would be relevant to account for the position relative to shopping and recreational facilities, schools, main roads (environmental conditions), the view etc. Our approach is implicitly based on the assumption that such housing and location specific (microlocational) attributes are not varying systematically across the zones, they are reasonably equally present in most of the (postal delivery) zones that we consider. In other words we implicitly assume that the regional variation in such attributes can also be found within a zone, and that there is insignificant spatial variation in zonal average values. Hence, we ignore the impact of intrazonal location-specific amenities and services in a macroscopical approach to our problem. Similarly, we ignore the possible impact on housing prices of systematic variation in zonal socioeconomic characteristics.
Centrality and labour market accessibility, on the other hand, are location-specific characteristics with considerable interarea variation that is accounted for in our explanation of housing prices.
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We distinguish between two categories of attributes. One category is the physical or structural attributes of the specific dwelling, the other is related to the location relative to the cbd and to labour market opportunities. In a corresponding general form the hedonic price equation
can be written as follows:
Here P it = the price of house i in year t z sit = value of dwelling-specific structural attribute s for house i in year t; s = 1, ...S, i = 1, ...n z lit = value of location-specific attribute l for house i in year
The rest of this section is organised according to this distinction between the two categories of attributes. For a separate discussion of non-spatial modeling alternatives, see Osland et al. Table 1 offers a list of non-spatial dwelling-specific attributes incorporated in our modeling framework. 
A model incorporating the traveling time from the cbd
The journey-to-work is an important kind of spatial interaction that is explicitly accounted for power in combination with pragmatic, theoretical, econometric, and interpretational arguments, however, they recommended a power function specification supplemented by a quadratic term.
According to this approach traveling time appears in the regression equation through the following expression:
The results achieved from such a model specification is included in Table 2 , as a benchmark for evaluating models incorporating other characteristics of spatial structure than traveling time to the cbd. Hence, model M1 in the table is defined as follows:
M1: traveling time to the cbd is represented by a power function that is supplemented by a quadratic term
Models incorporating a measure of regional labor market accessibility
Our main ambition is to reveal and explain systematic spatial variation of housing prices. According to the idea of a trade-off between housing prices and commuting costs, this ambition calls for a measure representing the spatial separation between residents and job opportunities.
As made clear in the introduction many authors have focused on the fact that not all workers commute to the cbd. One approach is to define employment rings around the cbd, combined with information of systematic spatial variation in individual incomes (see Yinger 1979 ). We have not attempted to account for socioeconomic characteristics in specific location alternatives, but we doubt that strongly regular and systematic spatial patterns can be found in this economy with a rather uniform distribution.
Though the geography that is considered is appropriate for empirical studies of the "accessspace-trade-off "model, here are some multicentric and multinodal tendencies. Rather than introducing employment rings around the city center, we attempt to capture the impact of such characteristics through a gravity based accessibility measure. The relevant basic hypothesis is that workers prefer a location with favorable job opportunities within a reasonable distance from their residential site. Hence, labor market accessibility influences the number of households bidding for a house that is for sale, explaining spatial variation in housing prices. The standard type of accessibility measure refers to Hansen (1959) . Assume that distance appears through a negative exponential function in the definition of the accessibility measure, and let σ e be the weight attached to distance; σ e < 0. The Hansen type of accessibility measure, S j is then defined 12 as follows:
Here, D k represents the number of jobs (employment opportunities) in destination (zone) k.
The measure S j is based on the principle that the accessibility of a destination is a decreasing function of relative distance to other potential destinations, where each destination is weighted by its size, or in other words the number of opportunities available at the specific location.
Hence, it can be interpreted as an opportunity density function, introduced to account for the possibility that the relevant kind of spatial pull originates from several destination opportunities.
The Appendix offers estimates of the relative labor market accessibility of all the zones in our study, defined by The alternative accessibility measures are introduced log-linearly in the corresponding hedonic regression models. Referring to model M6 as an example this means that the hedonic regression formulation is given by: log P it = β 0 + β 1 log LOTSIZE i + β 2 (RUR log LOT) i + β 3 log AGE i + β 4 (REBU ILD log AGE) i + + β 5 GARAGE i + β 6 log LIV AREA i + β 7 log NUMBTOIL i + β log TIMECBD i +
where log(·) denotes the natural logarithm, and ij is the error of disturbance for a specific observation.
Except for the models M1 and M4, which are estimated by ordinary least squares estimation, the models are estimated by the method of maximum likelihood. The reported statistics corresponding to those models are computed by the way of ordinary least squares estimation, on the basis of imputed values of the estimated parameter(s) inside the different accessibility indicators.
The results are presented in Table 2 . Contrary to for instance Adair et al. (2000) and Handy and Niemeier (1997) all parameters are estimated simultaneously rather than through a stepwise procedure, where values of the accessibility measure are estimated from commuting flow data before they enter into the hedonic housing model.
Results

An evaluation of the alternative model formulations
Our estimation results are presented in Table 2 . The analysis to follow is based on the use of pooled cross section data. This explains the introduction of the time-dummies in our models. The advantage of this procedure is that it enables an increase in sample size, and greater variations in the independent variables.
Consider first the modeling alternatives M1-M5. According to those results approaches based on an accessibility measure lead to poorer goodness-to-fit than the approach based on the onedimensional measure of spatial separation underlying model M1. In addition, the accessibility measure does not reduce problems related to spatial autocorrelation to the same degree as traveling time from the cbd. Hence, labor market accessibility is not a satisfying alternative to traveling time from the cbd to explain variation in housing prices in our data. An accessibility measure probably adds more to the explanatory power in a more multicentric geography than the one we consider.
Besides this general conclusion we will also comment on some specific results in Table 2 .
Notice first that the estimated impact of other attributes than those related to spatial separation and accessibility appears to be relatively invariant with respect to how spatial characteristics are introduced into the model. The differences are in particular small when we compare the models that performs best with respect to explanatory power; models M1 and M6 do, for instance, only result in minor differences in non-spatial parameter estimates. The differences are larger when White's general test (see for instance Greene 2003 ) is performed to test for heteroskedasticity.
Since χ 2 0,05 = 16, 919 it follows from Table 2 that the hypothesis of homoskedasticity is rejected in all model specifications. In order to make reliable inferences on the least square estimates when heteroskedasticity is present, the reported standard errors in all models are estimated by a robust estimator of variance. In our data, however, this robust estimator of variance does not produce results that deviate much from estimates based on the ordinary least squares estimator.
The Moran's I statistic is used to test for spatial effects in the residuals (Anselin 1988) . Table 2 this hypothesis is rejected for the models M2-M5, while it cannot be rejected for models M1, M6, and M7. Depending on the reasons for spatial autocorrelation this problem may lead to both biased and inefficient estimates. Our results, however, indicate that the introduction of an appropriate measure of spatial separation removes potential problems related to spatial autocorrelation.
Positive values of Moran
We also report the p-values of the Ramsey reset test (see for instance Davidson and MacKinnon (1993)). This is usually referred to as an omitted variable test, and is also used to detect incorrect functional form (see for instance Wooldridge 2002 ). The null is that the model is correctly specified. At the 5% level of significance we find that the null is rejected only for model M2. Table 2 In comparing model M6 to M1 it follows that labor market accessibility contributes significantly to the explanatory power also in a model which tests for the simultaneous impact of labor market accessibility and the relevant one-dimensional measure of spatial separation. The value of the likelihood ratio test statistic is 26,74, which clearly exceeds the critical value of a chi square distribution with three degrees of freedom. It also follows from Table 2 that labor market accessibility is statistically significant. Both the two coefficients in the accessibility measure are also estimated to be statistically significant, with values of the t-statistic of 2,7 (t σe ) and 4,5 (t γe ). Hence, our results indicate that a measure of labor market accessibility captures relevant characteristics of the geography which are not captured by the distance from the cbd. As mentioned in the introduction the study by Adair et al. (2000) for instance concluded that transport accessibility has a minimal effect upon house prices in the Belfast urban area. This conclusion is reached despite the fact that location is not taken into account through other variables, like for instance the distance from the city center. Hence, those results are strongly contradicted in our study, which is based on observations from a regional labor and housing market area. In our opinion it is important to specify a connected labor market area in a study focusing on the trade-off between commuting costs and housing prices, and we find our study area to be very appropriate for this purpose. Note: Results based on observations from the period 1997-2001, robust standard errors in parentheses.
A decomposition of the spatial variation in housing prices
The measure of labor market accessibility naturally covariates with the distance from the cbd, but our sample size is large enough to allow us to distinguish between the impact of those two spatially defined variables. As mentioned in the preceding subsection multicollinearity does not represent a serious problem in our study.
Despite the fact that the region is relatively monocentric, the spatial distribution of jobs is considerably more evenly scattered across space than specific urban services and facilities, like cinemas, restaurants etc. The trade-off theory is basically motivated by labor market considerations. Hence, a reasonable hypothesis is that the estimated impact of labor market accessibility reflects the trade-off between housing prices and commuting time. The estimated partial impact of distance from the cbd then reflects a general urban attraction effect, the proximity to specific urban facilities and urban services represent an attribute that increases the willingness-to-pay for a house, ceteris paribus.
Our point is illustrated in Figure 2 . Both lines in the figure refer to a standard house. The standard house is defined as not being rebuilt, it has a garage, it is not located in the rural areas, It now seems natural to interpret the distance between the two lines in Figure 2 as a prediction of the impact of variations in labor market accessibility. Based on such an interpretation the figure can be claimed to decompose spatial variation in housing prices into a:
• labor market accessibility effect
• urban attraction effect
The solid line is, however, based on a misspecified model formulation, with biased parameter estimates, and we cannot be sure that this line adequately captures the aggregated effect of urban attraction and labor market accessibility.
The dashed line in the two parts of Figure 3 Our results challenge the standard interpretation that housing price gradients from the cbd reflect the trade-off between commuting costs and housing consumption. We find it more reasonable to distinguish between an urban attraction effect and a labor market accessibility effect reflecting the mentioned trade-off. Graphically, the two effects are represented by the dashed line in Figure 2 and the solid lines in Figure 3 , respectively. Quantitatively, we predict the two effects to be of the same order of magnitude. According to our predictions a standard house at the price of 2,5 million NOK in the center of Stavanger would cost about 1,8 million NOK at a traveling distance of 100 minutes from the cbd, if labor market accessibility was the same in the two locations. If labor market accessibility is at its maximum value in the cbd and minimum at the most distant intraregional location, the predicted housing price is reduced by 1.5 million NOK, to a level of 1 million NOK. This tends to be approximately the same range for spatial variation in housing prices that is predicted by the misspecified model M1. This does not mean, however, that this model is in general appropriate for prediction purposes, and the model is of course inadequate as a device to explain housing price variations as a result of different characteristics of the spatial structure.
In general our discussion has demonstrated how a misspecified model formulation might result in a false prediction of how a specific attribute affects the dependent variable.
A potential bias in our approach is related to the calculations of traveling times. We use off-peak, uncongested, estimates. It is not straightforward to predict how congestion problems might affect housing prices in alternative locations. This is a complex problem that involves both the willingness-to-pay for residential locations close to the cbd and effects through the location pattern of firms. Still, we doubt that the rather modest congestion tendencies in the region we consider represent a significant determinant of housing prices.
Concluding remarks
One empirical finding in this paper is that housing prices fall with increasing distance from the cbd even when labor market accessibility is accounted for. This is interpreted to represent an urban attraction effect, reflecting households evaluation of urban amenities in general. The effect of labor market accessibility is captured through the introduction of a gravity based accessibility measure, that accounts for the fact that jobs by no means are entirely concentrated to the cbd even in the relatively monocentric geography that we consider. In other words we find it appropriate to distinguish between labor market accessibility and centrality relative to urban activities in our model formulation. Our results indicate that the urban attraction effect and the labor market accessibility effect quantitatively contribute about equally to intraregional variation in house prices.
It is intuitively reasonable that the urban attraction effect is represented by an isotropic and ring-like cbd-gradient; it is traveling distance rather than direction that matters. The situation is not analogous for the spatial distribution of employment; the non-cbd employment cannot in general be expected to be evenly spread in rings of employment around the cbd. Some (local sector) employment tends to be spatially distributed according to population densities, see for instance Gjestland et al. (2006) for a theoretical discussion, while some employment is more concentrated to activity centers, due to agglomeration economies (see for instance Guiliano and Small 1991). Our study indicate that such irregular tendencies are adequately represented by the gravity based accessibility measure.
Housing price gradients are often estimated from models where spatial separation is represented only by the distance from the cbd, see for instance Osland et al. (2005) . In a relatively monocentric kind of region like the one we consider, this might be a recommendable approach if for instance data are not available on the spatial distribution of employment and population.
The results presented in the preceding section indicate that such gradients might offer reliable predictions of housing prices in specific locations. Since labor market accessibility covariates strongly with the distance from the cbd the gradients capture the aggregated effect of the urban attraction and the labor market accessibility forces. It is important, however, that the gradients are interpreted with care, especially in causal terms. The results presented in this paper challenge the standard interpretation that falling housing price gradients from the cbd reflect the trade-off between housing consumption and commuting costs. As mentioned in the introduction Adair et al. (2000) also study the impact of transport accessibility within submarkets and subareas of the urban area. Our study refers to a regional rather than an urban context, with zones covering a considerably larger area, and we have no other spatial information of the zones than the (average) position relative to the cbd and an accessibility measure reflecting the position relative to job opportunities in the regional labor market. Through this approach we have primarily focused on the impact of general spatial characteristics rather than explaining housing prices in this specific region. Contrary to Adair et al. (2000) we also find that the accessibility measure contributes considerably to explain variation in housing price. An estimation of the urban attraction effect and the labor market accessibility effect probably requires that data refer to a connected labor and housing market rather than just an urban area. Studies restricted to specific urban areas cannot be expected to provide unbiased estimates of the mentioned effects. In general labor market accessibility is relatively invariant across zones within an urban area, and studies ignoring this spatial structure characteristic might still explain a very large proportion of intraurban variation in housing prices.
In a regional setting we find that the labor market accessibility measure is no adequate alternative to the distance from the cbd, but it appears to be a very useful supplement in the hedonic model equation.
